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THE ARITHMETIC GENUS OF AN ALGEBRAIC MANIFOLD 
IMMERSED IN ANOTHER. 

Bt S. Lefscbetz. 

Introduction. 

1. Let Vr be an r-dimensional irreducible algebraic variety ^ immersed 
in an (r + k)-iold space Sr+k, in which it has no singularities, or else is the 
projection of a non-singular variety in a higher space. There can be 
found* in F, a fixed number p of hyper surf aces, C\, C^, • • • , Cp, such that 
to any other C, there corresponds a relation of equivalence in the sense of 
Severi, of the type 

XC = XiCi + X2C2 • • • + XpCp, 

where the X's are integers, while no such relation exists between Ci, d, 
" ', Cp. These last hypersurfaces form a base in F,, and the X's may be 
called the base characters of C. The object of this paper is to find the 
arithmetic genus of a manifold complete intersection in F„ in terms of the 
base characters of the hypersurfaces which determine it. The case of r = 1, 
A; = 2 was first derived by Salmon,' that ofr=l,A; = n — Iby Vero- 
nese,* that of r = 2, & = n — 2 by Severi.^ For an algebraic surface the 
problem has already been solved by Severi,' but as his method admits 
of no easy generaUzation, the one followed here is completely different, 
and consists in the extensive use of a symbolism, already somewhat 
employed by the Italian geometer.^ 

In part I, some auxiliary properties are considered, notably the ex- 
tension of certain formulas to virtual manifolds. In part II the solution 
of the fundamental problem is given, while in part III are found appli- 
cations to loci of flats and to complete intersections in an S^ 

* A d-flat will be designated throughout by Sd. The name variety will be reserved for Vr. 
Any of its subvarieties will be called a manifold. If the manifold has r — 1 dimensions, it will 
be called a hypergurface. 

* Severi, La base minima. . . . Ann. Ec. Norm. Sup. (1908), p. 467. 
» Geometry of three dimensions. 4th edition (1882), p. 309-311. 

* tJber die Methode dea Projicirens und Schneidens. Math. Ann., vol. 19 (1882), p. 203. 
•Su alcune questioni di postulazione. Rendic. del Circ. Mat. di Palermo, vol. 17 (1903), 

p. 76-79. 

* Sulla base per la totalita delle cinrve. . . . Math. Ann. (1906), p. 221. 

' Fundamenti per la geometria sulle varieta algebriche. Rendic. del Circolo Mat. di Palermo 
(1909), p. 48, footnote. 
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198 S. LEFSCHETZ. 

The assumption is made throughout that all manifolds considered 
have no assigned singularities. 

2, Let v(l) be the postulation of Vr, that is the number of conditions 
imposed upon a Vr+h-i, of order I sufficiently high, when it goes through 
Vt. According to Hilbert* 

KO =^o{^'t'^) + ^^{^'t-~l^)+ ■•• + kr-i(l + 1) + kr, 

the k's being certain constants. The arithmetic genus,"^ or simply gemis, 
of Vr, which will be designated by [Vr], when r > 0, is given by 

[Vr] = (- mh + ki+ •■' +kr-l) ^{- l)'(KO) - 1). 

When r = 0, Fr is a group of points, and the genus [Vr], by definition, 
the number of points in the group. 

The letters A, B, C, • • • will be used to designate hypersurfaces, and 
in accordance with the notion of equivalence already referred to, two 
hypersxurfaces belonging to the same continuous algebraic system will be 
designated by the same letter. Let A, B, • • •, C, be a certain number 
h of hypersurfaces. If their complete intersection has exactly r — h 
dimensions, it will be designated by AB • • • C.*" When no confusion 
may arise, we will sometime designate it by Mr-h, or M, and write 
M = AB • •' C. What is meant by a hypersurface being the sum of two 
others is well known, as well as the notation to indicate it. This will be 
extended here, and we will denote the intersection of M with the sum of 
B and C by M{B + C). The genus of ilf = ^J5 • • • C will be denoted 
by [M\, or by [AB •••€]. 

In addition to these notations, the following will be introduced: 
Let F{A, B, • • •, C) be a polynomial, or a series proceeding according to 
positive integral powers oi A, B, •••,€. Then 

(a) By [F{A, B, • • •, C)] we will denote the result obtained when the 
constant term is left unchanged, and when in place of the term in A^B^ 
• • • C' we put 

[A'B^ ' ' • C'], if its degree is inferior to r; 

zero, if its degree exceeds r. 

(6) By IF{A, B, • • •, C)} we will designate the same result as the pre- 



• Uber die Theorie der algebraischen Formen. Math. Ann., vol. 36 (1890), p. 512, 520. 

» /Seven. Fundamenti. ... p. 41. The definition given here differs from his only when 
r = 0. 

1° In § 5 a meaning will be attributed to AB ••• C, even when this complete intersection is of 
less than r — h dimensions. In this case, however, there is no connection between the actual 
intersection and the symbol AB ••• C. 
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ceding, as far as terms of degree less than r are concerned, but in place of 
A'^B'' •• ■ C" we will set 

[A'B^ • • • C<^] - 1, if the degree is r, 

(— 1)*~S if the degree is r + A;, k > 0. 

In particular if ilf = A'^B'' •••€', with h = a + h -\- • • • + c, then when 
h ^r, [M], {M}, are the genus as defined above, or as defined by Severi, 
respectively, while when h > r, [M] = 0, {ilf } = (— 1)''~*~^ 
From the above follows 

{F(A, B, . . ., C) } = [FiA, B, •■ ',€)] + N, 

where iV is a certain constant. To obtain its value, remark that the 
term a • A''B'' • • • C will contribute to N an amount 

(— 1)*~^ • a, if its degree is r + ^, ^ = 0; 

zero, if its degree is less than r. 

Hence, if F{x) = Sa„a;" is the result obtained when in F(A, B, •••,€) 
we make A = B = ••• = C = x, then 

(- 1)'-W = S(- !)"«« = F(-1)- Zi- !)"««. 

n=sr »=0 

This result will be useful later. 

I. Preliminary formulas. Virtual manifolds. 

3. Let" A, Ci, Ci, be hypersurfaces in F„ such that A = Ci -\- Ct. 
Then whatever r may be 

[A] = {(l + Ci)(l + C2) -1}. (1) 

For if r > 1, this is a formula of Seven's,!'' gince [M] is the genus of M 
according to his definition in that case. If r = 1, {^1 = [A] — 1, 
{Ci} = [Ci] - 1, {C2} = [Ci] - 1, {C1C2} = + 1, and the formula 
reduces to 

[A] = [C^ + C2], 

which is true, since A, Ci, C2, are groups of points, and their genus, the 
number of points in each group. 

Let M = Bi ■ • • Bh be a complete intersection in Vr, A = r — 1. 
If we apply (1) in ilf, we get 

{ilf4} = {ilf((l + (7i)(l + C2) -1)}. (2) 

" Restrictions upon the fonnulas of this and the next paragraph, will be considered in § 5. 
" Fundamenti. . . , p. 42. 
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li h = r + k, k ^0, the quantities involved are mere synvbols. From 
§ 2 follows, however, [MA] = {MCi} = {MC^} = - {MCid] = (- 1)* 
and the relation is still correct. Hence, if F(A, B, • • •, C) is a polynomial 
or a power series 

{FiA, B, . . ., C)} = {Fid + Ci)(l + C) -1,B, •••, C)]. (3) 

From this follows easily the generalization of (1). I say that if A = 21 C„ 
then 

lA} ={n(l+CO-l}. (4) 

For, first this is true if n = 2. Grant that it holds when A is the sum of 
less than n hypersurfaces. Then, if C = C„_i + C„, 

lA] = {(1 + CoHd + C,)- l| = {(1 + C„_0(1 + C„)il(l + C.) - ij 

which is the formula to be proved. 

From (4) follows the generalization of (3), thus: If A designates the 
same sum as in (4), 

{F{A,B, ...,C)} = {F(n(l + C.)-l,5, '■■,€)} (5) 

which is derived from (4), like (3) from (1). 

Finally if Ai = XC*, (i = 1, 2, •••, h), applying (5) we obtain 

{A^A, ...A,} ={n(ft(l + C,*) -l)} (6) 

n 

4. From § 2 and formula (4) follows, that ii A = ^Ci, 

{A] = {n(i + c) - 1} = [na + q - 1] + a^ 

where, in this case, iV is a certain integer, and from what has been shown 
in that paragraph, 

( - ly-w = ((1 +x)» - i).=_. -EC- i)*(^); 

^ = (-i)-|(-x).(:)=-(r:}> 
Ml =[na+c.)-i] -(;!:;), (7> 

formulas which will be of frequent use.^' 

" For the simplification involved, see Netto, Lehrbuch der Kombinatorik, p. 248, formula 14. 
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We have next, from (6), and with the same notations, 

IA^A2'--Ah} =[n(ft(i + c,*) -l)] + i\r', 

where N' is again an integer. This integer remains the same if all the 
C's coincide with the same hypersurface C Let M be what A1A2 • • • At 
becomes in that case, and n = Sn,-. We have 

iM) = |n[(i + cr-i]) 

= {(1 + c)» - E (1 + c)"-"* + E (1 + c)"-"*-"' +••• + (- 1)*}. 

From (4) and (7) follows 

i + {^} = {(1 + C)*} =[(i + 0*]-(^Zj); 

/. {M\ = [(1 + C)» - E (1 + 0"-"'+ E (1 + 0)"--*-"^+ ... + (- 1)*] 

(In — 1 \ v^ /w — n, — 1 \ , ^^ [n — Ui — nj — \\ 
-llr-lj-?i r-1 j + ,S,(, r-1 j''- 

The last parenthesis is equal to — iV'. 

.-. uu,---4.i = jn(ft(i + ft.)-i)}-("ij) 

+E("7-r')-,zC'-";:r-') (s, 

+ - + (-i)'2:(:'r/)- 

Formulas (7) and (8) are more convenient for applications than those of § 3. 

5. Virtual Manifolds. — The formulas developed so far do not always 
hold. Thus (2), which can be considered as the foundation of the rest, 
can be applied only when the dimensionaUty r — fe of ilf is > 1, if its 
intersection with C^C^ has r — h — 2 dimensions. It is the pxzrpose of 
what follows to remove these restrictions. This will be done by the in- 
troduction, with Severi, of virtual manifolds. 

li A, B, C are effective, and A = B + C, C is called the difference of 
A and B, and we write C = A — B. It is well known that C = (A + D) 
— {B + D) for any effective D. Given that A, B are effective; if there 
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is no effective C such that A = B + C, we say that C is virtval. Simi- 
larly, if there is no effective r — h dimensional manifold Mr-h = C1C2 
• • • Ch, we will say that Mr-h is virtual. This may happen only if the 
C's, though all effective, have in common a manifold of less than r — h 
dimensions, or if some of the C's themselves are virtual. When Mr-h is 
virtual, it is a mere symbol; by definition it is unchanged when the C's 
are arbitrarily permuted. 

6. Let A, B, C be effective and such that C = A — B, and also that 
BC' be effective for k ^ r — 1. By repeatedly applying (1) and (2), 
we obtain 

{A) = {B + C + BC\, 

[BA] = {B^ + BC + B^C], 

{B'-^A} = {B' + B^^C + B'C}. 
Hence, by eliminating BC, B^C, • • •, B'^^C, 
{C\ = {{A - B){1 -B + B^- •" +(- ly-^B^^} + (- iy{B'C}; 

{C} = [y^]+(-l)', (9) 

since {B'C] = + 1, (§2). In this formula and those to be developed, 
the fractions stand for their expansion in powers oi A, B, • • •. Formula 
(9) may be considered as the " inversion " of (1). Similarly if the mani- 
folds 

M = C1C2 -"Ch, MCB", k^r-h-1, 

are all effective, the equation 

IMC] = [^4^] + (- ir* (10) 

gives the inversion of (2). li d = Ai — Bt, (i = 1, 2, • - -, h), and if 
the manifolds 

Ai,At, • • • Ai.Br'^B^"' • ■ ' Bh\ (k + S&,- < r), 

C1C2 • • • C^i'^Bi"' ' ' • Bh\ {s^h,s + 2b,- < r), 

are all effective, the inversion of (6), obtained by repeated application of 
(10), is given by 

[CxC^ • . • C,} = [n^^^^] + (- 1)^+^-*. (11) 

Suppose now that M = C1C2 • • • C* be virtual. We can always find 
effective hypersurfaces Ai, Bi, such that d = At — Bi, then by definition 
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(a) [M] is given by (11) as H M were effective. 

(6) The relations between {M} and [M] are the same as when the 
manifold is effective. 

If all manifolds Ai.Ai,--- Ai,Bi'"Bz'" ■ • • Bh\ k + 'Lh < r, are 
effective, this definition is complete. If not [M] will be determined in 
terms of genera of manifolds, not all effective perhaps, but all situated in 
effective hypersurfaces, that is in a Vr-u and the definition is then re- 
current. In all cases a repeated application of (11) will lead by a finite 
number of operations to effective genera. 

7. The genus of a manifold in the extended field composed of all 
effective and virtual manifolds has the following fundamental properties 
which are known to hold in the restricted field, and which justify the defi- 
nitions just adopted. 

1. If C = A — B, where A and B are effective, then 



{M 



C] =[m •^^j + (-i)-*. 



This follows at once from (11) as applied to C1C2 • • • ChC. 
II. If C ^ C + C", then 

{MC} = {M{il + Oil + C") -1)}. 



Let C = A' - B', C" = A" - B", C ^ A' + A" - B' + B", where 
A', B', A", B", are effectiv e. The property to be proved holds for a 
Vi, for which, by definition, [A — B] = [A — B], so that the verification 
is immediate. Assume that it be true for any Vr-i, we say that it is also 
true for V,. We have, by repeated application of property I, 

{M{C' + C" + C'C" -O] = [(C + C" + C'C" - oil ^^~^' \ 

If we expand the right-hand side, we obtain a sum of terms such as 
[Ax ■ {C + C" -f- C'C" - C)M'] - [Bi ■ (C -I- C" + C'C" - QM']. 

As Ai and J5i are effective hypersurfaces, that is r — 1 dimensional 
varieties, it follows from our assumptions that the expression just written 
is equal to zero. 

.-. {M((l + C")(l + C") - C - 1) } = 0, 

which is what we wished to prove. 

Property II means that formula (2), and all formulas derived so far 
hold whether the manifolds involved are effective or not. As all the 
relations to be derived are based upon these, no restrictions in regard to 
" effectiveness " will be necessary. 
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III. 7/ in Ci = Ai — Bi, A, and Bi he replaced hy Ai -\- Di, Bi + Di, 
respectively, [M\ does not change. In other words, [M] is a function of 
the differences At — Bi. We have, by property II, 



L <=i 1 + Bi + Di J 

FA (1 + Ai)il + Di) - (1 + Bi)a + Di) 1 
"Lfi {1+Bi)il+Di) J+C-IJ 

as was to be proved. 

n. Solution of the fundamental problem. 

8. In the solution of the fundamental problem, it is desirable to obtain 
formulas which hold, whatever the signs of the X's as defined in § 1. 
The relations derived so far are not suitable for this purpose. We propose 
to show first the existence of solutions of the required nature. This having 
been done, the solutions will be obtained for a special case, and the 
generalization will follow easily. 

Let A = Ci + d. Whatever the positive integer X, we have 

•KA =XCi + \Ci. 
Applying (7) to both sides of this relation, we obtain 

[(1 + A)- - 1] - (J; - J) = [(1 + c^)\l + co^ - 1] - (^^^r/). 

This equation of degree r in X, has an infinity of roots, hence it is identi- 
cally true. If we set 

i^(x)=E(-i)*-4+(-i)'-^El, 

we obtain by equating terms of the first degree in X, 

[Fr{A)] = [FriO] + [FriC)]. 

This also shows that if d = A — Ci, then 

[Frid)] = [FriA)] - [FriC)]. 

Hence, if XC = ^X.C, then 

X[F.((7)] = [|:X,F.(C.)]. (12) 
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Let M — D1D2 • • • Dh. If we reason from (2) as we just have from (1), 
and set 

r' MP'' "■'-' 1 

r-h = T'; F,{MC) = Z (- D*"^ "T^ + (" 1)^'"' ^ % 
we can show that 

X[F„ {MC)] = [ i X.F., {MC^)^ . (13) 

Formulas (12) and (13) /ioZd whatever the signs of the X's. 

In the case r = 2, [F2(C)] = i[2C - C^ - 2]. The double of this 
last quantity has already been considered by Severi," who proved (12) 
for r = 2, by considering the intersection of C with the canonic curves of 
V2, and made this formula the central point in his solution of the funda- 
mental problem for r = 2. But even before this, Castelnuovo and En- 
riques had shown that if [F2(C)] < 0, for any continuous system of curves 
on the surface, the latter was birationally transformable into a scroll. 

9. Let (Ci, C2, • • •, Cp) form a base on Vr. For any C not belonging 

p 
to the base, we have XC = '^Xid. Then 

Theorem. The genus [d'^C''] is a linear function of the genera 
[Ci'' C2'' • • • Cp'*"], ivith coefficients equal to polynomials in the ratios 
Xf/X, the coefficients of these polynomials being independent of the signs of 
the X's. 

The proof will be by induction. The proposition is true: (a) If 
^ + A; > r, for then [d'^C"] = 0. (b) li h + k = s, k = 0, that is for 
[C.*]. Now apply (13), making M = C/~^. It gives 

\[cc/-'] = ±\j [CjCrn, 

which holds whatever the signs of the X's, and shows that the theorem is 
true for [CC/'^, that is when h + k = r, k = 1. To prove it in the 
general case, assume that it holds ii h + k > s, or ii h + k = s, k < t. 
We say that it also holds when h + k = s, k = t. To show this, apply 
(10) with M = d'-'C'-K It gives 

r~s+l r—s -1 p 

X E (- i)*-i [Ci«-'C"-i+*] + (- D'-xEt = ZUFr-s+i{d'-*d-''d)], 

which also holds whatever the signs of the X's. This relation, if solved 
for [d'~'d], shows that this genus is a linear combination of others of 
the type [C.^C*], such that h + k > s, or h + k = s, k < t, with coef- 

" Sulla base per la totalita delle curve, 1. c, p. 224. 
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ficients of the required character. Since for these last genera the theorem 

is true by assumption, it is also true for [Ci'~*C*], which was to be proved. 

In the same manner we may prove this more general theorem: 

Theorem. If Dj is stick that XyDy = 2^X/C,-, then [D1D2 • • • Dh] 

i 

is a linear combination of the genera [Ci*'C2*' • • • C/'], with coefficients 

polynomials in the ratios X.^Xy, the coeffi^nts of these polynomials being 

independent of the signs of the X's. 

The two theorems just considered establish the existence of solutions 
of the fundamental problem, satisfying the condition to hold whatever 
the signs of the X's. 

Remark. — The question may be raised, whether the two preceding 
theorems hold when " division " is not unique," that is when it is possible 
that XC = "KD, while C =}= D (X integer > 1). This question must be 
answered in the aflSrmative. This will be proved, if we can show'that if 
XC = XZ>, then [MC''] = [MD*], whatever M, for then if XC = SX<C<, 
[JIfC*] will be determined without ambiguity. Let M = AiAi • • • Ah. 
Iis + t>r — h, then 

[MC'D*] = [MC»+«] = [MD-+*] = 0. 
Suppose that 

[MC'D'] = [MC'+*] = [MD'+% s + t>So, 

we say that it is still true f or s + f = so. For assume s + t = So, and 
apply (13). It follows that 

The only terms which are not equal by assumption are those for which 
k = 1. Hence 

[MC'D*] = [ilf C-iD'+i] = [MC-W*+^] = . . . = [MD"] = [MC% 

as was to be proved. 

Definition. — If [MC''] = [MD''], whatever the integer k, and the mani- 
fold M, the hypersurfaces C, D, are said to be arithmetically equivalent, 
and we write C '^ D. This equivalence has the following properties: 

(a) In its field division is unique, that is if XC ~ XD, then C ~ D. 

(6) If C = I>, then C ~ D. 

(c) If C -^ D, then XC = \B, where in general the integer X > 1. 
For let \H\ be the system of hyperplane sections. The property is true 
on a Vi] for two groups of m points on an algebraic curve belong to the 

" Severi, Ann. Ec. Norm. Sup., 1908, p. 456. 
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same continuous system. Grant that it holds on a Vr-i, we say that it 
also holds on Vr. We have by assumption [HilfC*] = [HMD*']. 

.-. ffC ~ HD, \HC = \HD, 

whatever the hyperplane section H. fience^*' XC = XZ>. In this, we have 
tacitly assumed that C, D are effective. In the contrary case, we would 
replace them by C + kH, D + kH, the integer k being so chosen that 
the two new hypersurfaces are effective. From X(C + kH) = X(Z) + kH), 
follows then XC = XZ). The properties here given show the relations 
between the two kinds of equivalence. 

10. We are now ready to solve the fundamei^tal problem. The rea- 
soning used in § 9 could be utiUzed, this being the method followed by 
Severi for r = 2. It seems however impracticable for r > 2, and another 
will be followed here. 

Let us speciaUze the hypersurface C of § 9, by making X = 1, and 
assuming Xi ^ 0; i = 1, 2, • • •, p. Then C = 2\iCi, and we can obtain 
{C} by applying (7). C is the sum of SX,- hypersurfaces. 

This result holds for all positive values of the X's. From § 9, follows at 
once that if XC = 2XiC,-, and if we set jtt = (1/X)SX,-, then 

{€} = [ftd + C.)^' - l] - (^ Z })• (14) 

Similarly we may prove the following result: 
Consider the hypersurfaces defined by 

X,A- = EXi'C-.- (j = l,2, "-,h), 

and set 

i 

then 

{D^D, ...»»)= [n(fta + c.)""' - 1)] - (;! 1 1) 

+?('';!:.'r')-+(-«'?(7-"/) *'" 

and in particular 

[D^D, ■■Dr] = [n (^. £ VC-.)] . (16) 

In these formulas, the parentheses raised to fractional exponents, must be 

"'Severi, I.e., p. 467. 
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expanded in series of ascending powers of the C's, and the result treated 
in accordance with the definition of the symbol [ ]. Formula (15) gives 
the most general solution of the fundamental problem. 

Remark. — ^It is important to remember that these formulas hold 
whether the manifolds involved are effective or not, and whatever the 
signs of the X's, that is without any restrictions. If DiDj • • • Dk is virtual, 
its genus is the quantity defined in § 6. If it is effective, its arithmetic 
genus is the quantity defined in § 2. In particular (16) gives the number 
of points common to r hypersurfaces, in terms of their base characters, 
and is the immediate generalization of a formula of Severi's for r = 2. 

m. Applications. 

11. Loci of Flats. — ^A locus of flats is a Vr locus of (r — l)-flats form- 
ing an irrational pencil. Let p be the genus of the pencil, H an arbitrary 
hyperplane section of Vr, G one of its generators (generating flats). It 
may be shown that H, G, form a minimum base for the variety." That 
the latter can be considered as the projection of a non-singular variety 
from a higher space, will be admitted here, and the results obtained 
applied to this case. If A; > 1, the intersection of H' with (?* has less 
than r — i — k dimensions." As we have seen in § 5, H*G^ must then 
be considered as virtual, and its genus cannot be determined from geometric 
considerations, but only by considering G as the difference of two appro- 
priate effective hypersurfaces and applying (11). If we set Hi — H — G, 
Hi^H'' is always effective, and clearly H, Hi form also a minimum base 
— ^it will be the one used here. Before proceeding with direct applications, 
some preliminary propositions necessary to obtain the genera [Hi*H*'], will 
be proved. 

12. Theokem. If Vr, V/ are two loci of flats, having in common a 
curve which meets the generators of each in one point only, they can he hi- 
rationally transformed into each other. 

Let Sr+k be the space containing them both, P an arbitrary point of 
Vr, G the generator through P, m the point where this generator cuts the 
curve common to the two varieties. Through m there goes a generator 
G' of Vr'. If Sk is an arbitrary &-flat in Sr+k, the (k + l)-flat determined 
by Sk and the point P, cuts Cr' in a single point P'. Conversely, given 

" The proof can be given in various ways. For example by generalizing Severi's for r = 2. 
See: Sulle corrispondenze fra i punti di due curve e sopra certi classi di superficie, Memorie della 
R. Ace. delle Sc. di Torino, 1903, p. 22. Certain classical formulas of his and Segre's residing 
scrolls, will also be found tho-e. 

" Unless Fr is a kypercone, that is such that its generators all go through the same Sr~t, 
called the axis of the hypercone. We will assume that this is not the case, though all results 
obtained hold also for a hypercone, when only variable intersections are considered. 
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P' on Vr, the point P on Vr, is determined in one and only one way. 
Clearly P, P' are in 1-1 correspondence, and this correspondence defines a 
birational transformation, which proves the theorem. 

Corollaries. I. If the two varieties have in common a d-dimensional 
Tnanifold M, having an Sa-i for complete intersection vrith an arbitrary 
generator of either, Vr and V/ can also be birationally transformed into each 
other. 

For M is clearly a locus of flats — the flats >S<j_i — and a plane section 
of it, is a curve satisfying all conditions of the preceding theorem. 

II. If the conditions of the theorem, or corollary I, are satisfied then 

[Vr] = [Vr']. 

For two varieties which can be birationally transformed into each 
other, have the same arithmetic genus.^* 

13. Theorem. V r being the same loctis of flats as before [Vr] = (— l)"^^ 
p. This proposition was proved by Cayley" for the case r = 2, and for 
r = 3 it follows readily from a formula of Severi.^" 

Any Vr locus of (r — l)-flats can be considered as the hyperplane 
section of a Vr+i locus of r-flats. Its hyperplane section H is itself the 
locus of the (r — 2)-flats HG, which form a pencil of genus p. It is there- 
fore suflEicient to prove that H = {— 1)'~^ • p. This will be done by 
induction. For r = 2, H is the plane section of a ruled surface and the 
proposition is trivial. We will assume that r > 2, that the theorem to 
be proved is true for a locus of flats of less than r — 2 dimensions, and 
prove its correctness for H. 

We may suppose that Vr is immersed in an Sr+i, and this without 
any loss of generality, since we can always project it into such a space and 
reason upon the projection. Let # be an r-dimensional quadratic variety 
through a fixed generator Go of Vr, and call A its residual intersection with 
Vr. We say that A is in one-one relation with H, arbitrary hyperplane 
section of Vr. For let tr be an arbitrary but fixed plane of Go. When 
r = 3, X coincides with Go. If Vr is not a hypercone, the generator G 
through any point P of the variety intersects Gq into an Sr-z, which 
meets ir in a single point m. This point is in $, hence the line mP cuts 
the quadratic variety in one point only, other than m, say P', a point 
which is in ^. To P corresponds one point P'. Conversely, given P' 
arbitrary in A, m is determined as the point where G cuts tt, and P is 
determined as the point where the line mP' cuts the hyperplane which 
intersects Vr into H. li Vr is a hypercone, we can take as point to, any 

" Severi, Fundamenti. . . , p. 83. 

" "On the deficiency of certain surfaces," Math. Ann., Vol. Ill, 1871, p. 526. 

M Fundamenti. . . , p. 81. 
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point where f> cuts the axis, and proceed as in the general case. In all 
cases P, P', and therefore also A and JET, are in one-one correspondence. 

It follows from this that [A] = [H\. 

On the other hand, HHi cuts a generator HG of H, in a manifold 
HHiG, which is an (r — 3) -flat, since Hi is the residual intersection of 
F, with an Sr through a generator. Furthermore Hi is, like H, a locus of 
(r — 2) -flats, its generators being manifolds HiG, each of which has in 
common with Hi the same r — 3 flat HHiG, which has just been con- 
sidered. 

.-. [H] = [Hi] (CoroU. II, § 12). 

Also A = H -\- Hi, hence, by formula (1), since r > 2, 

[A] =[H + Hi + HHi] = 2]^ + [HHi] = [H]; 

.-. [H]= - [HHi]. 

But HHi is the hyperplane section of Hi, and therefore a locus of (r — 3)- 
flats of a pencil of genus p, and by assumption the proposition is true 
for such a variety. 

.-. [HHi] = (- l)-3 . p, [H] = (- ly-^p, 

which proves the theorem. 

14. We are now in position to obtain the genera [jEf'^Ti*], which are 
necessary to solve the fundamental problem for Vr. The manifold JET'+'Hi* 
is an r — i — A; — 1 space, if i -|- A; < r. Hence 

[F»Hi*] = (- l)'--*-i . p; (i + k< r). 

Let M be the order of F, Then [H'] = n. To obtain [H^'^Hi"], remark 
that applying formula (16), we have, since [H'^''Hi''~^G] = 1, 

[w-mi^-KHi + G)] = [£r'-*+ifri*-i] = i -i- [ff-^^fi*]; 

.-. [H'-*Hi*] = [ff'^*+iffi*-i - 1]. 

Applying this last formula for all values of k, from to k, and adding the 

results, we obtain 

[H^*Hi*] = M - A;. 

15. Let now C be any hypersurface in F,. We have 

C = XF -I- XiFi 
where X, Xi, are certain integers. Applying (14) we obtain 

{C\ = [(1 + HYil + HiY^ - 1] - (^ t -T ^)- 
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Expanding, and replacing the genera by their values as derived in § 14, 
we have, after some familiar transformations of combinatory analysis, 

I'^i - C t- r')(^+ "'4^- '^■-0+ '-«'"• 

Let a be the order of C, a that of its intersection CG with G. Then, by (16), 
a = [CH'-'^G] ^ [H^\H - Hi){\H + XiHi)] = X + Xi, 
a = [CH^'l = [(\H + XiHi)£r'-»] = juX + Xi(ju - 1) = a/x - Xi- 
Substituting in the formula obtained, we have finally 

{C} = (" I })(P - 1 + T + « - «'") + (- 1)> (17) 
For r = 2, this formula becomes a well-known one of Segre,"^ namely 

[C] = [C] = ap-ju(2) +(«-!)(« -!)• 

16. Let M = Old '•■ Ck, with d = X'H + Xi'Fi. To derive the 
genus of M, we might merely apply formula (15). However, it will be 
done more readily in the following way: A locus Vr-K+i of (r — /i)-flats, 
which are in one-one correspondence with the generators of Vr, is of the 
same nature as Vr, and may be assumed to lie in the sfune Sr+k. Pro- 
jecting the intersection of any generator of F, with M, on the correspond- 
ing generator of Vr-h+i, a hypersurface M' of the latter variety is obtained. 
The orders of M and M', or of MG and M'G', are the same — G' being a 
generator of Vr-h+i. Hence, it is sufficient to obtain the order a of M, 
and a of MG, and then to apply (17) on Fr_A+i> since [M] — [ikf']. Let a,, 
a,-, be the order of C, and dG, respectively. We have as previously, 

a,- = X' -f- Xi', Oi = fuxi — Xi*. 
Hence, by (16), 

a = [n(X*H + Xi'HOH'-*] = a(ju + t"^-— )' 

a = [tlO^'H + Xi^HOH-^-^g] = n«.. 
Substituting in (17), we have 

w-(; :i)(«-Ma4-p-i+^-^rT+i)+(-i)^'^"-p- 

" "Courbes et surfaces r6gl6es alg^briques," Math. Ann., Vol. 34, 1890, p. 3. 



212 S. LEFSCHETZ. 

For h = r -we have either from this last formula, or from (16), 

[CiC, . • . a] = [n(x*H + Xi'ffi)] = nai(i:~ (r - dm), 

which for r = 2, reduces to a well known relation on scrolls. 

17. Complete intersections in *S,. In the case of an Sr, p = 1, and 
the minimum base is formed by an (r — l)-flat, say C. If m is the order 
of a Vr in S, we have Vr = mC. Also [C*] = 0, if A; < r, and [C] = 1. 
Hence if Jlf is the complete intersection of h hypersurfaces of order mi, 
^2, • • •, TOft, we obtain, by applying (15), when h < r and with m = SWt, 

iM, = ,^-[na + o^-i]-(:_-/)+|;(-;!:'x-') 

=C";')-ir-r-') 

+ ...+(-.)'-l(""r'). 

The value of [M] may be also obtained as follows: If v(l) is the postula- 
tion of [M], then 

Remembering that [M] = (— l)*"* • {v{0) — 1), we can from v(l) obtain 
[M] and, in fact, the same expression as the above is found. Conversely 
Seven's general expression^ for v{l) together with the formula derived 
here for [M], can be utilized to obtain Bertini's result. 

•* Bertini, Introduzione alia geometria proiettiva degli iperspazi, p. 263. 
" Fundamenti. . . , p. 41. 

Lawrence, KLanbas, 
January 6, 1916. 



